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Tunnel effect for semiclassical random walk

Jean-Francois Bony  Frédéric Hérau  Laurent Michel

Abstract

In this note we describe recent results on semiclassical random walk asso-
ciated to a probability density which may also concentrate as the semiclassical
parameter goes to zero. The main result gives a spectral asymptotics of the
close to 1 eigenvalues. This problem was studied in [1] and relies on a gen-
eral factorization result for pseudo-differential operators. In this note we just
sketch the proof of this second theorem. At the end of the note, using the
factorization, we give a new proof of the spectral asymptotics based on some
comparison argument.

1. Introduction

Let ¢ : RY — R be a smooth function and let h €]0, 1] denote a small parameter
in all the paper. Under suitable assumptions specified later, the density e=¢®)/"
is integrable and there exists Z, > 0 such that du,(z) = Zne~?@/hdy defines a
probability measure on R%. We can associate to u, the Markov kernel t;(x, dy)
given by .
th(z, dy) = 1n(B(z, h)) ]l|$—y|<hd/~bh(y)' (1.1)
From the point of view of random walks, this kernel can be understood as follows:
assume at step n, the walk is in z,,, then the point x,,.1 is choosen in the small ball
B(x,,h), uniformly at random with respect to du,. The probability distribution
at time n € N of a walk starting from z is given by the kernel t}(z, dy). The long
time behavior (n — 00) of the kernel t}(z, dy) carries informations on the ergodicity
of the random walk, and has many practical applications (we refer to [11] for an
overview of computational aspects). Observe that if ¢ is a Morse function, then the
density e~¢/" concentrates at scale vk around minima of ¢, whereas the moves of
the random walk are at scale h.
Another point of view comes from statistical physics and can be described as
follows. One can associate to the kernel t,(z,dy) an operator T} acting on the
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space C of continuous functions going to zero at infinity, by the formula

1
Tnf(z) = /Rd f)tn(z,dy) = (B ) /x_y|<h @) dpn(y).

This defines a bounded operator on Cy, enjoying the Markov property (Tp(1) = 1).
*

The transpose T} of T} is defined by duality on the set of bounded positive
measures M, (resp. bounded measures My). If dv is a bounded measure we have

T} (dv) = ( JIRT—— h>>—1du<y>)duh. (12)

Assume that a particle in R? is distributed according to a probability measure dv,
then T7(dv) represents its distribution after a move according to t,(z,dy), and
the distribution after n steps is then given by (T7})"(dv). The existence of a limit
distribution is strongly related to the existence of an invariant measure. In the
present context, one can easily see that T} admits the following invariant measure

dvn o () = Znpn(B(x, h))dpn (),

where Zj, is chosen so that dvy, « is a probability. The aim of the present paper will
be to prove the convergence of (T})"(dv) towards dvj ., when n goes to infinity,
for any probability measure dv, and to get precise informations on the speed of
convergence.

Before going further, let us recall some elementary properties of T}, that will be
usefull in the sequel. First, we can see easily from its definition that the operator T},
can be extended as a bounded operator both on L*®(dv, ) and L'(dv ). From
the Markov property and the fact that dvj,  is stationary it is clear that

I Tl oo (i o) L (din o) = I ThllL1 () L1 () = 1-

Hence, by interpolation T, defines also a bounded operator of norm 1 on L2(R?, dv, ).
Finally, observe that T, is selfadjoint on L?(dvj, ) (thanks again to Markov prop-

erty).

Let us go back to the study of the sequence (T})" and explain the topology we
use to study the convergence of this sequence. Instead of looking at this evolution
on the full set of bounded measures, we restrict the analysis by introducing the
following stable Hilbert space

Hy, = L*(dvp o) = {f measurable on R? such that /\f(x)\Q dvp 0o < oo}. (1.3)

for which we have a natural injection with norm 1, J : H;, < M,, when identifying
an absolutely continuous measure dvy, = f(x)dvy o with its density f. Using (1.2),
we can see easily that T} o J = J o T}. From this identification T} (acting on H;)
inherits the properties of T}:

T} : Hp, — H,, is selfadjoint and continuous with operator norm 1. (1.4)

Hence, its spectrum is contained in the interval [—1, 1]. Moreover, we will see later
that —1 is sufficiently far from the spectrum. Since we are interested in the conver-
gence of (T})™ in L? topology, it is then sufficient for our purpose to give a precise
description of the spectrum of T}, near 1.

Let us now make some precise assumptions on the function ¢.

VI-2



Hypothesis 1. We suppose that ¢ is a smooth function and that there exists
¢, R > 0 and some constants C, > 0, a € N such that for all |x| > R, we have

Va e N\ {0}, [07¢(2)] < Ca |Vo(w)| 2 ¢ and |¢(z)] = cla].

Observe that the above assumption insures that duy,(z) = Z,e @)/ dx is a prob-
ability measure.

As we will see later, the spectral analysis of the operator 7} has many com-
mon points with the study of semiclassical Witten Laplacien on functions P"(%) =
—h?A + |V¢|? — hA¢. Under the above assumptions it is wellknown (see [7] and
references given there) that P"(%) has compact resolvant. In the following we will
denote by (ux(h)) the increasing sequence of eigenvavalues of P, In the case
where ¢ is a Morse function one can show easily that its eigenvalues in any interval
of the form [0,0(h)] are in fact exponentially small (see [5]). More recently, under
some generic additional assumption a complete asymptotic expansion was proved
[2], [6]. In the same situation we studied in [1] the operator T}. Here we would like
to give a less precise statement in a more general situation. The following result
holds true without assuming that ¢ is a Morse function:

Theorem 1.1. Assume that Hypothesis 1 holds true. There exist , hg > 0 such
that for h €]0, hy] we have o(T}) C [—1+ 0,1], 0ess(T}) C [-1 40,1 — 6] and 1 is
a simple eigenvalue for the eigenstate vy, oo € Hp,.

Moreover, denoting (A,(h)) the decreasing sequence of eigenvalues of T}, and given
v(h) such that 0 < v(h) — 0 when h — 0, we have

M) = 20140, 0(1), (15)

uniformly with respect to k such that |u(h)| < v(h)

Let us now give some corollary of this result when ¢ satisfies additional assump-
tions. In the following, we will denote by U the set of critical points of ¢.

Hypothesis 2. We suppose that ¢ is a Morse function.

When Hypotheses 1 and 2 are satisfied, the set I/ is finite. We denote by (¥
the set of minima of ¢ and U™ the set of saddle points, i.e. the critical points with
index 1 (note that this set may be empty). We also introduce n; = fU49), j = 0,1,
the number of elements of U\,

Hypothesis 3. We suppose that the values ¢(s) —¢(m) are distinct for any s € UM
and m € U,

Let us recall that under the above assumptions, there exists a labeling of minima
and saddle points: U = {my; k=1,...,no} and U = {s;; j =2,...,n1 + 1}
which permits to describe the low liying eigenvalues of the Witten Laplacian (see
[6], [9] for instance). Observe that the enumeration of (") starts with j = 2 since
we will need a fictive saddle point s; = 400.

From Theorem 1.1 and the asymptotic expansion of the py(h) proved in Theorem
5.1 of [6], we deduce the following
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Theorem 1.2. Under Hypotheses 1, 2 and 3, there exist some constants a, hg > 0
such that, for all k = 2,... ngy and for any h €]0, ho|,

h
(2d + 47 ©

det ¢ (my)
det 9" (sy)

where Sy, := ¢(sr)—¢(my,) (Aarhenius number) and —6y, denotes the unique negative
eigenvalue of ¢ at sy,.

1— Me(h) = e P/ (1 4 0(1)),

Observe that this theorem is very close to Theorem 1.2 in [1]. The only difference
is that the error term here is o(1) whereas it is O(h) in [1]. Since the proof to get
the o(1) error term is completely different and easyer, we decided to state and prove
here the weakest version. However, a proof of asymptotics with error term equal to
O(h) can be found in [1].

As an immediate consequence of Theorem and of the spectral theorem, we get that
the convergence to equilibrium holds slowly and that the system has a metastable
regime.

Corollary 1.3. Let dvy, be probability measure in H;, and assume first that ¢ has
a unique minimum. Then, using that o(T}) C [-1+ 0,1 — 6h], it yields

|(T3)" () = dvne,, = O | denllng (1.6)

for all n 2 |Inh|h=! which corresponds to the Ehrenfest time. But, if ¢ has now
several minima, we can write

(Tz)n(dl/h) = Hdl/h + O(h>HthHHh7 (17)

for all ™Y Inh| < n < e2%0/". Here, I1 can be taken as the orthogonal projector on
the ng functions (x)e” (@@ =¢@)/h where ;. is any cutoff function near my,.
On the other hand, we have, for any n € N,

|(T3)"(d) = dvneo,, < Ca(B)"lldon e, (1.8)

where Ay (h) is described in Theorem 1.2. Note that this inequality is optimal. In par-
ticular, forn 2 |In h|h~1e22/" the right hand side of (1.8) is of order O(h)| dvp||4,, -

Thus, for a reasonable number of iterations (which guaranties (1.6)), 1 seems to
be an eigenvalue of multiplicity ng; whereas, for a very large number of iterations,
the system returns to equilibrium. Then, (1.7) is a metastable regime.

Let us now explain how Theorem 1.1 can be used to get some information in
the case where ¢ is not necessary a Morse function. For instance, suppose that the
space dimension d is equal to 1. Assume that ¢ has a unique degenerate critical
point (say in = 0) and that near the origin we have ¢(x) = 22 4+ O(z*") for
some a € N* (observe that a is necessarily even since e~/" is integrable). Using
localization technics as in [13] we can prove that the spectral gap is asymptotically

equal to %h2_%1/1, where v; denotes the first non-zero eigenvalue of the operator
Noo = —85 +a®y?? —afa — 1)y" 2

In the case case where ¢ has several critical points and that only one of them
is degenerate and of the preceding form, we could also get an asymptotics of the
exponentially small eigenvalues.
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Throughout this paper, we use semiclassical analysis (see [4], [12], or [15] for
expository books of this theory). Let us recall that a function m : R? — RT is
an order function if there exists Ny € N and a constant C' > 0 such that for all
z,y € R m(x) < Clx — y)Nm(y). This definition can be extended to functions
m : R x C¥ — R* by identifying R? x C* with R*?%_ Given on order function
m on T*R? ~ R?? we will denote by S°(m) the space of semiclassical symbols on
T*R? whose all derivatives are bounded by m and ¥°(m) the set of corresponding
pseudodifferential operators. For any 7 €]0, cc], and any order function m on R% x C?
we will denote by S?(m) the set of symbols which are analytic with respect to £ in
the strip |[Im¢| < 7 and bounded by some constant times m(x, &) in this strip. We
will denote by SY (m) the intersection for 7 > 0 of S%(m). We denote by ¥%(m)
the set of corresponding operators. Eventually, we say that a symbol p is classical
if it admits an asymptotic expansion p(xz,&; h) ~ 350 h/p;(z,£). We will denote by
S2 4(m), S%(m) the corresponding class of symbols.

We will also need some matrix valued pseudodifferential operators. Let ., , de-
note the set of real valued matrices with p rows and ¢ columns and .#), = .#,,,. Let
A:T*RY — 4, , be a smooth function. We will say that A is a (p, ¢)-matrix-weight
it A(z,§&) = (a;j(x,€));; and for any i = 1...,pand j = 1,...,¢, a;; is an order
function. If p = ¢, we will simply say that A is g-matrix-weight.

Given a (p,q)-matrix-weight A, we will denote by S°(A) the set of symbols
p(z,€) = (pij(x,€))i; defined on T*R? with values in .#,, such that for all 4,7,
pi; € S°%ai ) and UO(4,,) the set of corresponding pseudodifferential operators.
Obvious extensions of this definitions leads to the definition of matrix valued symbol
analytic w.r.t. to & and the corresponding operators: SY(A) and W2(A). In the fol-
lowing, we shall mainly use the Weyl semiclassical quantization of symbols, defined
by

Op(p)ute) = (2nh) ¢ [ " eI ug)dyde (19)

TR
for p € SY(A). We shall also use the following notations all along the paper. Given
two pseudo differential operators A and B, we shall write A = B + U¥(m) if the
difference A — B belongs to W*(m). At the level of symbols, we shall write a =
b+ S*(m) instead of a — b € S*(m).

Let us introduce the d-matrix-weight, =, A : T*R? — .#,; given by A, ;(x,§) =
((&ENEN Y Eij = 0,;(&) and observe that (2A);; = (§;)~". In the following the-
orem, we state an exact factorization result which will be the key point in our
approach.

Theorem 1.4. Let p(z,&;h) € SY (1) be a real valued symbol such that p(z,&; h) =
po(r,€) + S° (h) and let P, = Op(p). Let ¢ satisfy Hypothesis 1 and assume that
the following assumptions hold true:

i) Py(e™?/") =0,

i) for all x € R4, the function & € R+ p(x,&; h) is even,
iii) V6 > 0, 3o > 0, V(z,&) € T*RY,  (d(z,U)* + |€]* > § = po(, ) > a),
iv) for any critical point u € U we have

pU(xaé.) = |£|2 + |V¢(CL’)|2 + T’([E,f)7
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with r(z, &) = O(|(z — u,&)[®) near (u,0).

Then, for h > 0 small enough, there exists a symbol ¢ € S°(ZA) such that P, =
4}, ,Q*Qdy, with Q = Op(q). Moreover, q(x,&;h) = qo(x,§) + S°(hZA) and for
any critical point uw € U, we have qy(u,0) = Id. Eventually, if p € S9(1) then
q € Sg(EA).

Let us now make some comments on the above theorem. As already mentioned, we
decided in this paper not to give results in the most general case so that technical
aspects do not hide the main ideas. Nevertheless, we would like to mention here
some possible generalizations of the preceding result (more can be found [1]).

First, it should certainly be possible to use more general order functions and to
prove a factorization results for symbols in other classes (for instance S°({(z,&))?).
This should allow to see the supersymmetric structure of the Witten Laplacian as a
special case of our result. In other words, the symbol p(z, & h) = |2 + |Vo(x)|> —
hA¢(z) would satisfy Assumptions i) to iv) above.

A more delicate question should be to get rid of the parity assumption ii). It is
clear that this assumption is not necessary (take q(z,&) = (£)72(Id + diag(&;/(€)))
in the conclusion) but it seems difficult to prove a factorization result without it.
For instance, the operator hD, in dimension 1 can not been factorized smoothly
both left and right simultaneously.

In [10], Hérau, Hitrik and Sjostrand proved that semiclassical differential operator
Py, of order 2 satisfying P,(e /") = Pi(e™/") = 0 for some suitable ¢, admit
a supersymmetric structure P, = dj, , Ap(7)d,n, where Ap(x) is a d x d matrix.
Nevertheless, as it is constructed A, can grow exponentially with respect to h.
In Lemma 3.2 below, we show that if the parity assumption is fulfilled, then the
operator P, can be factorized with a pseudo-differential operator () which is bounded
with respect to h (no exponential growth). However, getting some control on Ay, in
a general setting is still an open (an interesting) question.

As it will be seen in the proof below, the operator @) (as well as Q*@Q) above is
not unique. Trying to characterize the set of all possible () should be also a question
of interrest.

The plan of the note is the following. In the next section we analyse the structure
of operator T} and prove the first results on the spectrum stated in Theorem 1.1.
In section 3 we prove Theorem 1.4 and apply it to the case of the random walk
operator. In section 4, we prove Theorem 1.2.

2. Structure of the operator and first spectral results

In this section, we analyse the structure of the spectrum of the operator T} on the
space Hy = L*(dvp o). Introduce the Maxwellian M), defined by
dvp oo = My () dx so that M, = Zhuh(Bh(x))Zhe_¢(x)/h, (2.1)
and make the following change of function
Upu(x) == M;l/Q(x)u(x),
where Uj, is unitary from L?(RY) = L*(R?, dx) to Hj,. Denoting
Ty, == U, T U, (2.2)

VI-6



the conjugated operator acting in L?(R?), we have

Tya(w) = 2M5 (@) [ M) (Bly, 1) uly) dy

< Zpe~¢@)/h )1/2/ : )( Z, e~ dW)/h )1/2d
= |~ u| —m | Y
wn(B(z, h)) lz—y|<h pn(B(y, h))

We pose for the following

an(z) = (adhd)1/2<

and define the operator G by

Zye—@)/h )1/2
(B, h)))

Gula) = =5 [ ulw)dy (2:3)

where ag = vol(B(0,1)) denotes the euclidean volume of the unit ball, so that with
these notations, operator 7}, reads

Th = ap © Go ap, (24)

i.e.
Thu(z) = ap(x)G(apu)(z).
We note that
_ pn(B(x, h))e?®)/h 1
02(z) = n(B( d)) -
Oédh Zh Ozdh

/ D=0 hgy — (H@/AG (o= 0h) (),
lz—y|<h

(2.5)
We now collect some properties on G and ay,.
One very simple but fundamental observation is that G is a semiclassical Fourier
multiplier G = G(hD) = Op(G) where
1 )
VEER:, G = — / ¢z, (2.6)
Qg J)z|<1
The following lemmas are easy to prove (see [1] for details).
Lemma 2.1. The function G is analytic on C? and enjoys the following properties:
i) G:RY — R.
ii) There exists § > 0 such that G(R?) C [—1+ §,1]. Near £ = 0, we have
G(&) = 1= Balé]* + O(¢),
where (34 = (2d+4)~". For any 7 > 0, supj¢»,. |G(&)] < 1 and limg o G(&) = 0.

iii) For all T € R, G(ir) € R, G(it) > 1 and, for any r > 0, inf|;>, G(iT) > 1.

iv) For all £,7 € R? we have |G (& +i7)| < G(iT).

Lemma 2.2. There exist ¢y, c; > 0 such that ¢; < ap(z) < ¢, for all z € R? and
h €]0,1]. Moreover, the functions a; and a,? belong to S°(1) and have classical
expansions ap = ag + ha, + - -+ and agz = agQ + .-+, and

ao(x) = G(iVep(z)) 2.
Eventually, there exist ¢y, R > 0 such that for all |x| > R, a;*(z) > 1+¢y for h >0
small enough.
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Since we want to study the spectrum near 1, it will be convenient to introduce
P,=1-T,. (2.7)
Using (2.4) and (2.5), we get
Py, = ap(Vi(z) — G(hD,))ap (2.8)
with Vi, (z) = a,?*(z) = e?/"G(hD,)(e=*/"). As a consequence of the previous lem-
mas, we get the following proposition for Pj,.

Proposition 2.3. The operator P, is a semiclassical pseudodifferential operator
whose symbol p(x,&;h) € S° (1) admits a classical expansion which reads p =
po + hpy + - -+ with

po(x,€) =1 = G(iVe(2))~'G(€) > 0.
We finish this subsection with the following proposition which is a part of Theorem
1.1.
Proposition 2.4. There exist d, hg > 0 such that the following assertions hold true
for h €0, hy. First, o(T},) C [—1+ 0,1] and 0.ss(Ty) C [-1+ 9,1 — §]. Eventually,
1 is a simple eigenvalue for the eigenfunction /\/l;/ 2,

Proof. We start by proving o(7}) C [—1+ 6, 1]. From (1.4), we already know that
o(Ty) C [—1,1]. Moreover, Lemma 2.1 ii) and iii) imply 0 < ag(x) < 1 and
G(R?) C [~1 + v, 1] for some v > 0. Thus, we deduce that the symbol 7,(z, &)
of the pseudodifferential operator T}, € W°(1) satisfies

h(z,&) > =1+ v+ O(h).
Then, Garding’s inequality yields
Ty > —1+v/2,
for h small enough. Summing up, we obtain o(7},) C [-1+ 4, 1].

Let us prove the assertion about the essential spectrum. Let x € Cg°(R?; [0, 1]) be
equal to 1 on B(0, R), where R > 0 is as in Lemma 2.2. Since G = G(hD) € ¥°(1)
and limyg|_,o G(&) = 0, the operator

T = (1 = x)Th(1 = x) = xTh + Thx — XThx;
is compact. Hence, 0.55(T},) = 0ess((1 — X)Th(1 — x)). Now, for all u € L?(RY), we
have
<(1 —X)Th(1 — > <Gah (1 —x)u,ap(l — X)u>
< llan(X = x)ull* < (1 + o)~ lull?,
since ||Gllz2z2 < 1 and |ap(1 — x)| < (1 + ¢o)~%/? thanks to Lemma 2.1 ii) and
Lemma 2.2. As a consequence, there exists ¢ > 0 such that o.s5(7}) C [-146,1—4].

To finish the proof, it remains to show that 1 is a simple eigenvalue. First, observe

that the distribution kernel k™ (z,y) of T satisfies

k}(Ln) (z,y) > gnh’d]l|m_y|<nh,

for some £, > 0. Thus, we can conclude by using Krein-Rutman theorem (see
Theorem XII1.43 of [14]). More details can be found in [1]. O
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3. Supersymmetric structure

In this section, we prove Theorem 1.4 and deduce that the operator Id —T} admits
a supersymmetric structure. We showed in the preceding section that Id —T} =
U Py and before proving Theorem 1.4, we state and prove as a corollary the main
result on the operator P,. Recall here that 8; = (2d + 4)~! and =A is the matrix
symbol defined by ZA; ; = (§;) !, for all 4,5 =1,...,d.

Corollary 3.1. There exists a classical symbol ¢ € S%(Z.A) such that the following
holds true. First P, = L} Ly with Ly = Qdgpan and Q = Op(q). Next, ¢ = qo +

UY(hZA) with go(u,0) = 53/2 Id for any critical point u € U.

Proof. Since we know that P, = a,(Vy(2) — G)ay, we only have to prove that ;' P,
satisfies the asumptions of Theorem 1.4, where

P, = Vi(z) — G(hD). (3.1)

Assumption i) is satisfied by construction.

Observe that thanks to Proposition 2.3, it is a pseudodifferential operator and
since variable x and & are separated, its symbol in any quantization is given by
pn(z,€) = Vi(z) — G(€). Moreover, Lemma 2.2 and Proposition 2.3 show that p
admits a classical expansion p = 3222, hip; with p;, j > 1 depending only on x
and po(z, &) = G(iVe(x)) — G(€). Hence, it follows from Lemma 2.1 that p satisfies
assumptions ii) and iii).

Finally, it follows from ii) of Lemma 2.1 that near (u,0) (for any u € &) we have

p(@,6) = Ball€]* + Vo (2)[*) + O(l(z — w, ) + S°(h),

so that we can apply Theorem 1.4 . Taking into account the multiplication part ay,
completes the proof for P. 0

Now we can sketch the proof of Theorem 1.4. It goes in two steps. First we prove
that there exists a symbol § € SY (A) such that P, = d:;)’th(b?hW where Q = Op(q).
In a second time we shall prove that the operator @ can be chosen so that @ =Q"Q
for some pseudodifferential operator () satisfying some nice properties.

Let us start with the first step. For this purpose we need the following lemma
whose proof can be found in [1].

Lemma 3.2. Let p € S% (1) and P, = Op(p). Assume that for all x € R, the
function & — p(x,&; h) is even. Suppose also that Py(e=%/") = 0. Then there exists
g € S° (A) such that B, = ;h@%,h with Q = Op(q). Moreover, if p has a principal
symbol, then so does ¢ and if p € S%, (1) then ¢ € S%, ,(A) .

oo,cl 00,cl
Remark 3.3. Since P,(e=®/") = 0, it is quite clear that Pj, can be factorized by
dgn on the right. On the other hand, the fact that P, can be factorized by d
on the left necessarily implies that P;(e~®/") = 0. At a first glance, there is no
reason for this identity to hold true since we don’t suppose in the above lemma

that Py is selt-adjoint. This is actually verified for the following reason. Start from
Op(p)(e~?") = 0, then taking the conjugate and using the fact that ¢ is real we get

Op(p(z, —€))(e”*") = 0.
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Hence, the parity assumption on p implies that Op(p)*(e~%/") = 0.
Let us apply Lemma 3.2 to P, = Op(p). Then, there exists a symbol ¢ € SY (A)
such that R
Py, =d,Qdg p,
with Q = Op(q) and | § = Go + SO%(h). Now the strategy is the following. We will
modify the operator Q so that the new Q is selfadjoint, non-negative and Q can be

written as the square of a pseudodifferential operator Q Q*Q.
First observe that since P, is selfadjoint,

@+@*d
T e

1
P, = §(Ph + Py) =dg,,

so that we can assume in the following that @ is gelfadjoint. This means that the
partial operators @), = Op(qA] k) verify Q; r = Qr; (or at the level of symbols
rj = Q). For k=1,....d, let us denote dfj ,, = hdy + dp(x). Then

d

Py = Z (dé,h)*éj,kdg,h- (3.2)

Jk=1

We would like to take the square root of @ and show that it is still a pseudo-
differential operator. The problem is that we don’t even know if Q is non-negative.
Nevertheless, we can use the non-uniqueness of operators @ such that (3.2) holds
to go to a situation where Q is close to a diagonal operator with non-negative par-
tial operators on the diagonal. The starting point of this strategy is the following
commutation relation

Vike{l,....d}, |d,.d5,] =0, (3.3)

which holds true since dé,}h = e~ %/"hd;e?/" and thanks to Schwarz Theorem. Hence,
for any bounded operator B on L*(R?), we have

d
Py =d}, Qg = Y (&) Queds (3.4)

J,k=1

with Q™ = Q + B for some B being of the following form : For any jo, kg, n €
{1,...,d}, the operator B(jo, ko, n; B) = (Bjk)jk=1,..a is defined by

ijk = 0 lf (]7 k) ¢ {<nan)7<j07k0>’(k07j0)}
Bjo ke = —(dg ;)" Bdy,,  and By, = (Bjoko)” (3.5)

Bun = ()" Bdgy, + (dg,)" B*d}),
When jo = ko, we use the convention that B;, ;, = —(d} ;)" (B + B*)dy,
Recall that the d-matrix-weights A and Z.A are given by A; ;. = (§;) (&) ! and

(EA); 1 = (&)~*. Using the preceding remark, we can prove the following

Lemma 3.4. Let Q = Op(q) where § € S°(A) is a Hermitian symbol such that
4(x, & h) = Go(x, &) + S°(hA). We denote P = dj ,Qdg ) and p(x,&;h) = po(x,§) +
SO9(h) € S°(1) its symbol. Assume that the following assumptions hold:

(A1) V6 >0, 3a >0, V(z,8) € T*RY,  (|€]? + d(x,U)? > 6 = po(x, ) > ).

VI-10



(A2) Near (u,0) for any critical point u € U, we have
po(x,€) = €° + V() [* +r(,€), (3.6)
with r(z, &) = O(|(z —u,§)).
Then, for h small enough, there exists a symbol ¢ € S°(Z.A) such that

Py, =d,Q"Qdg p,

with Q@ = Op(q), ¢ = qo + S°(h) and go(u,0) = Id for any u € U. Moreover,
Q = FOp(=™Y) for some F € W°(1) invertible and self-adjoint with F~1 € ¥°(1).
Eventually, if ¢ € SY(A) then ¢ € SY(ZA).

Proof. We just sketch the proof and refer to [1] for details. Given & > 0, let
wo, W1, . .. ,wg € S°(1) be non-negative functions such that
wo +wy + -+ wg =1, (3.7)
whose support satisfies
supp(wo) C {[€]” + [Vo(x)[* < 2¢},
and, for all £ > 1,

supp(wr) © {6 + V6 2 ¢ and |6 + 0d(@)]? = 5 (1€ + V(o))

Let us decompose @ according to these truncations
d
Q=> Q" (3.8)
(=0

with Q¢ := Op(wq) for all £ > 0. We will modify each of the operators Q' separately,
using the modifiers

B(j()) kO? n; 6) = B(j07 k:()) n; Op(ﬁ))7
where for jo, ko,n € {1,...,d} and 8 € S°((&,) " {&ky) (&) 7?) the right hand side
is defined by (3.5). Let .#(A) C ¥°(A) be the vector space of bounded operators

on LZ(]Rd)d generated by such operators. Then, (3.4) says exactly that
Py = d},(Q + M)dy, (3.9)
for any M e 4 (A).

Step 1. We first observe that near & x {0}, there is no modification needed.
Indeed, writing § = ¢°+S°(h.A) and using (3.2), (3.6) together with Taylor expansion
we see easily that for all u € U, ¢°(u,0) = Id. Hence

Q° == Q" = Op(¢°) + V°(hA), (3.10)
where ¢° € S°(A) satisfies

¢ (x,€) = wo(w, &) (1d +p(x, ), (3.11)
with p € S%(A) such that p(z,&) = O(|(d(z,U),E)|) .

Step 2. We remove the antidiagonal terms away from the origin. More precisely,
we show that there exist some M* € .#(A) and some diagonal symbols ¢* € S°(A)
such that N

Q" := Q" + M’ = Op(weg’) + T°(hA), (3.12)
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for any ¢ € {1,...,d}. In order to do that we define

wg(l’, 5)(/]\]'0,160(‘7;7 5)
[&el? + [Oe (@) ]2

for any jo, ko, £ € {1,...,d} with jo # ko, let B}, k- Thanks to the support prop-

erties of wy, we have Bj, ko0 € S*((&o) (ko) (&) ™2) so that B> (jo, ko, €; Bigko.t)
belongs to .#(.A). Then, it follows from symbolic calculus that

Mé = Z Boo(jka?é;ﬁjo,ko,g)?

Jo#ko

ﬁjmko,f(ma f) =

enjoys the required properties.

Step 3. We prove that we can modify each Q' in order that its diagonal coefficients
are suitably bounded from below. More precisely, we claim that there exist ¢ > 0
and M € .#(A) such that

0 = Q' + M = Op(d) + V(hA), (3.13)
with ¢* diagonal and ¢} ; (x,£) > cwq(x, £)(&,)? for all ig € {1,...,d}.
For 0,1y € {1,...,d}, let B;,, be defined by
Wy (ZL’, 5) <~£ Y >
= Tig i (T, 6) — )
2(1&1? + e () \ " L+ [0 + 103, 6(x)

where v > 0 will be specified later. The symbol ;, ¢, belongs to S°((&;,) (&) ~?) so
that B> (ig, 0, {; Biy0) € A (A). Then, pseudo differential calculus shows that

M =" B®(ig, o, £; Bigye),
it

ﬁio,f(ma f) :

satisfies (3.13).

Step 4. Consider Q = 33, Q; and let E = Op(2)Q Op(Z). Then Q = Q*Q with
Q = E'?Op(Z~'). From the above construction we can show that £ = Op(e) with

e(x,&h) > cld. (3.14)
Thus, it follows from Theorem 4.8 in [7] that both E'/2 and Q belongs to S°(1)
which completes the proof of Theorem 1.4. O

4. From P to the usual Witten Laplacian

In this section, we give a detailed proof of Theorem 1.1. Here P, denotes again
Ui (I — Th)Up. As already mentioned, this proof is an original piece of work.
On the total De Rham complex, we define

PV = & don + dondy .

the semiclassical Witten Laplacian, and PW-(®) its restriction to the k-forms. These
operators have been intensively studied (see e.g. [3], [8], [6], ... ), and a lot is known
concerning their spectral properties. In particular, from (14.9) in [7], we know that

PV = pWO) @ 1d +T0(h).
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In this section, we compare the small eigenvalues of P, with those of PW:(9). This
idea is natural since ag(u) = 1 and go(u,0) = Id for all critical points u € U, and
PW:9) is then the operator P, with the coefficients a;, and @ frozen at 1 and Id.

Let f € C3°(R;[0,1]) equal to 1 on [—1,1]. For € > 0, we define f.(A\) = f(\/e).
In the sequel, 6 > 0 and C' > 1 will design constants which may change from line
to line but do not depend on ¢ and h. On the other hand, the subscript € (as in
C. > 1) will point out that the quantity may depend on e (but is independent or
uniform in ). Finally, to shorten the equations, we will sometimes use the notation
g'®) = g(P"™*)) for a function g on R and for k € N, f**) will denote f* to the
power k.

Lemma 4.1. We have
anF_ (PN, < P, < apFy (P O)qy,
where
Fo(\) = M2 = CVE = Cch) + (A + 1) 71 (1 = £(\)*(0 — CVE = Ceh)),
Fr(N) = M2 1+ CVE + Coh) + 2£- () (1 = £2(N) + Co(1 = £(N))?).

Proof. We can decompose

Q' Q= fIQ QN + fIQ QUL — fM) + (1= fNQ QY + (1= fMQ Q1 — £

— I+ I+ IIT+1V. (4.1)

We first estimate I. Let f < g € C3°(R; [0, 1]). Using P""(1) = PW©O @1d +WO(h),
the formula of the functional calculus and the functional calculus of pseudodifferen-
tial operators, we can write

g- (P W) = g (P ) @ 1d + / 05 (2)(P™"V) — 2) "0 (h)(PYO ® 1d —2) 'dz
= Op(g:(»"?)) ® Id +R, (4.2)

where ||R|| < C.h as an operator from H; ?(R?) to L?(R?) and p"(©) denotes the
principal symbol of P":(9) Moreover, from Theorem 1.4, we have Q Q Id+Q +
UY(h) where the remainder term Q is a pseudodifferential operator in U0(1) whose
symbol ¢ vanishes at (u,0), u € U. Then,

g-(P"M)Q*Q = g.(P" ) 4 Op(g-(»™)q) + O-(h). (4.3)
Recall now that, for a € S9(1),
0D 1 = Nl + O,

(see e.g. [15, Theorem 13.13]). Thus, using that g.(p""(®)) is supported in a neighbor-
hood of size 1/z of (c, 0) at which § vanishes, it yields || Op(g.(p"""?)q)|| < C/z+C.h
and (4.3) implies

lg-(P" ) (@Q"Q — 1d)|| < CVz + Ceh, (4.4)
Using that fMNQ*QfWY = fMgMQ*QfM), this estimate gives
PO - CVe—Ch) < I < fAD(1+ CVE + CLh). (4.5)
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We now treat /I and I1]. Writing
S QU= ) = S - f)
+ fg:(PMI)(QQ = 1d ) (PO + 1) V2P 4 1)712(1 — £L1),
the Cauchy—Schwartz inequality gives
((F2@QQ = 1)1 = f9))u,u)
<[PPI (@Q —1d ) (PMO + 1)1 (4.6)
(o + e+ 172 = 1y,

Proceeding as in (4.4) and using that (P + 1)/2 is bounded as operator from
L*(RY) to H, '(RY), we get

Hg (PO (QQ—1d) PV + 1)1/2H < Cy/e + C.h.
Thus, (4.6) implies
2= f0) = (£20 4+ (PO + )71 = fUP)(CVE + Ceh)
ST+ I < 2f 01— f0) + (20 + (PO + )71 (1 = fU7)(CVE + Coh)
and then, using f(1 — f) > 0,
—f2(CVE+ Ceh) = (PO + 1)1 (1 = f0)H(CVE + Ceh)

ST+ 1T <2f0(1 = fO) 4 f2(CVe + Coh) + Co(1 = D),
(4.7)

It remains to study IV. From Lemma 3.4, we have Q = F Op(Z~') and then

(Q"Qu,u) = |[FOp(E")u|” = 8| Op(=")ul . (48)

for some 6 > 0. For the last inequality, we have used that F~1is uniformly bounded
since it belongs to W°(1). Moreover, using 0 < PV = —h2A @ Id +0O(1), we get

Op(E %) > (-hA+1)'®ld> 5(PW’ +1)7!
Thus, (4.8) yields
Q*Q > §(P™M 4 1)~
On the other hand, using @Q € ¥°(1), we deduce Q*Q < C. These two estimates
imply
S(PM 4+ 1)1 = fV) < TV < C(1— fV)2, (4.9)
Combining (4.1) with (4.5), (4.7) and (4.9), we obtain

dsp (F- (/A (P O)dy ), < d5 Q" Qg < iy, (Fr (V) /A) (PP dg .

Using now the classical intertwining relation P 1)d¢h = dy, R PV and PW(0) =
dj ndg n, this estimate eventually implies

F_ (PW ) < dj hQ*Qd¢,h < F+(PW’(O))7

and the lemma follows. O
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In Lemma 4.1, we have “removed” Q*(Q) from the operator P. We will now “re-
move” ay, using the same strategy. We define the self-adjoint operators

Py 1= FY(PYO)a2 FY(PYO),
and we have the following standard result.

Lemma 4.2. The operators ahFi(PW’(O))ah and ﬁi have same spectrum. Moreover,
their eigenvalues have the same multiplicity.

Proof. The fact that they have the same spectrum outside of 0 is a consequence
of the classical relation (1 — BA)™! = 1+ B(1 — AB) 'A. Moreover, if u is an
eigenvector of AB for the eigenvalue A # 0, then Bu # 0 is an eigenvector of
BA for the same eigenvalue. Thus, the multiplicity of the non-zero eigenvalues of
apFie(P"))q;, and P, are the same. Finally, using that an,a;t € L®(R?), the
vector spaces ker(apFs(PY®)a,) = ker(FY2(PW©)a)) = a; ' ker(FL/?(PY(0))
and ker(Py) = ker(a,FY*(PW©)) = ker(Fy/*(P"(©)) have the same dimension.

O
As in Lemma 4.1, we can control a2 using the following
Lemma 4.3. We have
SO = CVe = Ceh) + (1= [LO(N)*(0 - CVe = Ceh)
< aj < POU+OVE+Ch) + 201 — f0) + C.1 - 07
(4.10)
In particular, B ~
G_(PYO)y< P and P, <G (PY), (4.11)

with
G_(N) = F- ) (21 = CVE = Ceh) + (1= [-(0)*(6 — CvzE — Ceh)).
GL(N) = FEr M) (2NA + CVE + Ceh) +2£.(1 = (V) + C(1 = £-(V)?).
Proof. As in (4.1), we write
ap = fOap fO + fO0a2 (1 = £O) + (1= fO)a fO + (1 = fD)ap(1 - )
=T+ 11+ IIT+1V. (4.12)

Working as in (4.5) and using that the function a} € WO(1) satisfies a7 = 1+a+%°(h)
where a(u) = 0 for all u € Y, we obtain

201~ C\e - Ceh) < I < f2O(1+CVe+ CLh). (4.13)
The same way, as in (4.7), we get
20(Cye+ C.h) — (1 = fO2(CVe + C.h)
< II+ 1T <2f01 = fO) + f2O0(CvE + Coh) + Co(1 = fO)2.

(4.14)

Eventually, since § < ai < C, we directly obtain
61— fO)? <1V < C(1 = fO), (4.15)
Combining (4.12) with (4.13)-(4.15), we obtain (4.10). Finally, (4.11) follows directly
from the definition of Py and (4.10). O
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Combining the previous lemmas, we obtain the following proposition which is
exactly the second part of Theorem 1.2.

Proposition 4.4. Let 0 < v(h) — 0 as h — 0. We have
Ai(Pn) = X (PO (1 + onos0(1)),
uniformly for j such that \;(P"©)) < v(h).

Proof. We first recall the maxi-min principle (see [14, Theorem XIII.1]). For selfad-
joint operators A bounded from below, we have

Ni(A) = sup inf (Au,u), (4.16)

dimE=j—1 u€E"L, [lul=1

where \;(A) is either the j-th eigenvalue (counted with the multiplicity) or the
bottom of the essential spectrum. Thus, Lemma 4.1, Lemma 4.2 and Lemma 4.3
give
N (G (PYO)) < Nj(P) = N (anF- (P O)ay,)
< N(B) < A (anFy (P )an) = M (Py) < (G (PMO)).
(4.17)
for all j € N\ {0}.
Looking now to the particular form of G, one can verify that there exists 6 > 0
with the following properties. For ¢ and then h small enough, GL(0) = 0, G4 is

strictly increasing in [0,¢] and G+ > de on [g,4o00[. This implies that, for £ and
then A small enough,

A (G(PM)) = G (M (PY))
for all j such that \;(P"W®) < v(h). Using then that f.(\;(P"()) = 1, we then

deduce
N (Ga(PYO)) = N(PYO)(1 & C Ve £ Ceh)?, (4.18)

Thus, (4.17) and (4.18) imply that, for € and then h small enough,
M (PO (1 = COVE = Ch)? < A(P) < A(PYO)(1 4+ CVE + Ch),

for all j such that \;(P"(®) < y(h). Since the quantities \;(P"?) and \;(P,) do
not depend on ¢, this estimate implies the proposition. ([l
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